Perception:
Motion Field Equations




[Last Time:

Computing optical flow

(z,y)

(z,y)

(g?j:) = (Z VIH—I(I’ y)VIt—l—l(xa y)T) (Z AIt(xa y)VIt+1(x> y))

Hough Transform and RANSAC:

L L L L
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Repeat for k iterations

1. Choose a minimal sample set

2. Count the inliers for this set

3. Keep maximum, if it exceeds a desired number of inliers
stop.
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Now: Computing 3D Velocity from 2D

" Engineering




Now: Computing 3D Velocity from 2D
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Which direction 1s the camera going?




Points from
the original
view
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Systematic Testing
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Systematic Testing
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Moving
along z-axis
(optical axis)
Opposite way
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Systematic Testing

05+ X

0.4 - 1 //

031 '\x l y //

T .S‘Q’N\( - . 7 R

o1r o s it X ,};*’x‘ 7 e e

_ — o EE e - .

0 —_— .é_,x.(/x -, . ey MX_X:—:

DA = %"’x P e e

02f ;"//XX e V. ¥ % VN L s

0.3} / Ve 1 ’\\

-04 I \

0.5 1 | | 1 1 1 | |

[ N S
Y R R B R R




Systematic Testing
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Moving
along y-axis
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Rotating
along z-axis
(optical axis)
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Rotating
along x-axis
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Rotating
along y-axis
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Systematic Testing

Rotating
along x-axis
and y-axis
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Rotating
along x-axis
and y-axis,
and
translating
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Deriving Motion Field Equations

To be able to predict and extract information from these
optical flow fields, we need to derive a model of the
equations of motion for points on an 1image

Engincering
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Projection Equations

X /X%\
A (y) = K (“R, “T,) }Zfi
1 \ 1/
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Motion Model

Camera 1s moving, the rest of the world
1S not moving 1.e. static a

X

P — Y 3D point, in the

(rotating) camera

7 | frame \y\%

: Velocity of the point in
P the camera frame
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Motion Model

: : Y
Camera 1s moving, the rest of the world y
1S not moving 1.e. static 1N
)
Uy Translational
V _ % velocity in a Yy
B Y ] inertial frame of Uz
v reference \\%
Z o
W \ Angular \
Q L velocity in a
— wy inertial frame
0 of reference
Z
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Motion Model

: : Y
Camera 1s moving, the rest of the world y
1S not moving 1.e. static Un ;
4\ Y
X
p = Y 2D point on Y
the image \\4 U
p 2D velocity of the \
point T
P Again we
p e assume all
Z points are
calibrated
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Motion Field Equations

The punchline 1s we can derive the motion field equations
from these:
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Motion Field Equations - Derivation

Now to find the velocity on the image 1.e. the motion field,
we take the derivative of the 2D point:

P dP
Tz Nz
P Pz P |Z

We rewrite this as: —

7= TP

With: e3 = (
P Penn
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Motion Field Equations - Derivation

Substitute and rearrange:
P eg;P 1 :
— — (] —pe; )P
” ” P Z( pes )

From physics, velocity of a point 1in a rotating reference frame

P=-_-V_QxP
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Motion Field Equations - Derivation

Substitute and rearrange:
Rewrite this as: — [P] % Q

1 H
EU—p£N4V—QXP)
1 T T -P-
= —E(I—Peg)VJF(I—P@s) Z XQ
1
= E(peg— 1)V + (I — pe; ) [p] <2
\ J \ J

| |
A(p) B(p)




Solving the Motion Field Equations

We now know the form of the Motion Field Equations:

p = %A(p)V + B(p)Q2

How do we solve it

* Case 1: Known depth — easy, simply use least squares

* (ase 2: No translational velocity — also least squares

* (ase 3: No angular velocity — slightly harder, but a form
of least squares

* (ase 4: Both translational and angular velocity with
unknown depth — fairly difficult
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Case 1: Known Depth

With known depth the equations reduce to:

FADIV + BEI = (5A) BE) (g)

p:Z

And this can be solved with a least squares problem:

Ve — A(p;) B(p))) (X) — P

THIS IS WHAT YOU WILL USE IN THE PROJECT
You will need to run RANSAC to make this robust.
How many points minimum do you need for this?
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Case 2: No Translational Velocity

With no translation the equations reduce to a very simple form:

p = B(p)Q2

And this can also be solved with a least squares problem:

0" = argming Y [ B(p)2 — il

1=1
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Case 3: No Angular Velocity

With no rotation the equations reduce to a different form than
what we are used to:
1
Z;
This can be reformulated as a minimum eigenvalue problem:

arg Mily. ||y =1 Z I[Pl xA(p:) V|

1=1

p= (P)V <= [p|xA(P)V =0

=3 (b AV (B ARY)

= > VAP BB APV

1=1

— V7T (Z A(pi)T[pi]Z[pi]xA(pi)) M

1=1
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Case 4: Everything Unknown

With no rotation the equations reduce to a different form than
what we are used to:

b= ZAD)V + B(p)Q

There 1s not too much we can do here as this is bilinear in our
unknowns (depth and rotation). There are a few similar
methods people have used to solve this:

* Method 1: Alternating minimization between V and /7

* Method 2: Marginalize out £2/7Z and exhaustively search for
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Case 4: Everything Unknown

When we don’t have any prior knowledge we are just left with
the original equation:

b= ZAD)V + B(p)Q

There 1s not too much we can do here as this is bilinear in our

unknowns (depth and velocity). Velocity can only be recovered

up to a scale. There are a few similar methods people have

used to solve this:

* Method 1: Alternating minimization between V and ©/7 [1]

* Method 2: Marginalize out £2/7Z and exhaustively search for
V2]

[1] Optimal structure from motion: Local ambiguities and global estimates, Soatto and Brockett 1998
[2] Subspace methods for recovering rigid motion I: Algorithm and implementation, Heeger and Jepson 1992
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Case 4: Everything Unknown

We can rewrite the equation as:

2

| 1
p; = ?A(pi)v"l'B(pi)Q— (p:))V B(p:)) (

§|+—~ o) N|+-x
I

o A(p)V ... 0 B(pl)
N : — : : :
P 0 ... A(pn)V B(pn) \

N—
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Case 4: Everything Unknown

With this we can solve for V' through exhaustive search since V'
1s 1n a bounded space (the sphere)

u—(A(V) B)(A(V) B) u

arg miny, ¢ g

A visualization of the loss function looks something like this:

2
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A visualization of the loss function looks something like this:
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Case 4: Everything Unknown
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Recap of Vision Thus Far
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Basic Assumptions

We take the thin lens model and approximate it as a pinhole
model using calibration to make 1t good enough

Object In Scene

P

a:’:fas(1+k17“+kgr2+...)+xo
y’:fy(1+k1'r+k27“2+...)+yo

&enn
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Projection Equations

X /X%\
A (y) = K (“R, “T,) }Zfi
1 \ 1/

36




Projective Transformations

We learned about how to map
points on the 1mage to points on the
image, specifically how planes
transform

. hi1 hi2 his T;
Nilyi | = | har hoo hos Ui
1 h31 hsz2 hss 1

Ah =0
A=USV! — h=1,
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Pose from Projective Transformations

Assuming the points are on the
plane we can solve for the exact
pose from the transformation
parameters and calibration

- Fi1 f1g 6 £ 0 20\ " [P hig hag
Ry Ry T | = | 721 T2 ty | = 0 f wo ho1 haa a3
T31 T32 t3 001 h31 h3a has

\\ J
h 4

K 'H

~ ~

(Ry Ry Ry x Ry) =USV"

10 0
R=U[01 0 V' Thisis
0 0 det(UVT) arbitrary, can
) also use second
T=T ||R1H column or
—_— average
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PnP and P3P

If we have more general 2D-3D correspondences, we need to

solve the problem more generally XY, Z)

(Xja Y}'a Zj)

Minimal case 1s P3P, which 1s helpful 1f we want to do RANSAC
P
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PnP and P3P

For P3P, we needed to solve a fairly complicated polynomial and

g0 back to solve for the distances

7

2 2 2
;z% 1 Z% _ 3%2 222813 3” dly(u? + v = 2uv c0s(dr3)) = dz(1+ v” = 20 c0s(d13))
1 3 13
o)

3
d2,(1 2_9 ) — d%.(1 2_9 S
d5 + d — 2dyds cos(623) = dg (1 +w veos(913)) = d2(1 + u? — 2ucos(012))

u’ = a1v2 + a2V + aguv + a4 ‘

— u = (b 00+ 0)/ (b +0s) w4 solutions for u,v
— vt + B+t + v+ =0

Substitute back in for d; to and remove

physically invalid solutions

Penn
Engincering

40




Procrustes

Once we have the distances in P3P we can use that to solve for the
position and orientation of the points

arg MINgcso(3), TeR? Z |RP;+T — F||’

P)(P - P)" =UsSV”

1

Can also use Procrustes
in other contexts e.g.
solving ICP

0 41




Procrustes

Once we have the distances in P3P we can use that to solve for the
position and orientation of the points

arg MINgcso(3), TeR? Z |RP;+T — F||’

P)(P - P)" =UsSV”

1

Can also use Procrustes
in other contexts e.g.
solving ICP
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Epipolar Constraint

We also briefly went over how to get 3D pose from 2D-2D
correspondences via the Essential matrix, and how to extract the
pose from the essential matrix

/ ) 0O =7 O
Nz, (T x NRx) =0 1y, — g (T 0 0) Q"
— 2/ [T| Rz, =0

x =

0 0 0

7| o 0\ /0 =1 0
=Qf( o 7| o]l {1 o o0|QTR
0 0 0/ \0o 0 1




Optical Flow

Next we stepped back a bit and looked more at the image side and
how to get correspondences, and some troubles that arise with that

2
(6, 6y) = argming, 5, Z (AILL(:E7 y) — VI (x,y)" (537))

5
(1) EN (o0,w0) Y

Lioi(x+ bz, y + oy)

k-

(5) - (2 wm(w,y)vml(x,yf) (Z Aft(il%y)VItH(??»y))

(x,y) (z,y)

It(xvy)

-8

/
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Outlier Rejection

Given the high potential for error in these methods, we learned
about methods to separate ‘inliers’ from ‘outliers’ using the Hough

Transform, but primarily RANSAC cos(0)z + sin(f)y — p =0
Hough RANSAC )
. b
1 0

See how many
points are
within the

, threshold

o] 0.2 0.4 0.6 0.8 1
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Today: Motion Field Equations

And we learned how to take these things and derive motion
models as opposed to merely static models, and we can estimate
position and velocity

b=~ AD)V + B(p)Q
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Next Time

Now that we have estimates involving time. Given measurement
error (even with something like RANSAC) there can still be
estimation problems. Can we use temporal information to make
things better? (Spoilers: yes). More importantly, how can we use
temporal information in an optimal way while still being fast
enough to be practical?

Prior knowledge Pk—1|k:—1 Prediction step
of state % —> Based on e.g.
‘ k—1[k—1 physical model
Next timestep l?klks—l
k+—k+1 Xk|k—1
Pk Update step Measurements

X -<—Compare prediction <-«—
f'k to measurements Yk »
Output estimate
. of state

28 Penn
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